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Institut Intelligence et Données, Université Laval
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Context

Why are ML models not widely integrated into critical systems yet?

Critical systems: hydroelectric dams, the stock market, planes, cars, the human body...

Main reason: The decision-making process must be justifiable and justified.
Using, e.g., statistical arguments

However, eXplainable AI (XAI) methods are often backed by empirical arguments
”SOTA” methods, testing on limited benchmarks...

This is not enough to convince safety/regulatory authorities...

Our position:

There needs to be a theoretical justifications to the choice of an XAI method
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Context

In this talk:

Revisit post-hoc model-agnostic XAI methods based on cooperative game theory

They promise a variable influence quantification of non-linear ML models

☞ Not always ”well-defined”, especially with dependent covariates

They heavily rely on the notion of the Shapley values
☞ Often misunderstood and misused

How to use cooperative game theory right to extract insights on the
behavior of black-box models?

Side quests: Understand what the Shapley values are and how to go beyond them
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Cooperative Game Theory

“Cooperative game theory = The art of sharing a cake”

Two ingredients:

• D = {1, . . . , d}, a set of players
The power-set PD is the set of coalitions of players

• v : PD → R, a value function
It assigns a value to each coalition

☞ (D, v) formally defines a cooperative game
☞ v(D) is the value of the “grand coalition” (the cake)

Main concern of the theory of cooperative games:

How can to redistribute v(D) to each of the d players?
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A famous example - LMG indices

Example: Lindeman, Merenda, and Gold (1980) indices

Data: covariates X = (X1, . . . ,Xd), and target Y

Model: estimated linear regression model f̂ (X ) = β̂0 + X⊤β̂

Cooperative game:
Players: the covariates (X1, . . . ,Xd) (rather, their indices D)

Coalitions: for A ∈ PD , the subset of covariates XA

Value function: v(A) = R2
Y (XA) (the R2

coefficient of the linear model only using XA)

☞ The cake: v(D), the R2
of the full model

Evaluate the value function ∀A ∈ PD ⇐⇒ The R2
of all the 2d nested linear models

For 20 covariate: more than a million R2
coefficients

☞ This is way too much information to process...

Is it possible to aggregate this information (2d coefficients) into something more
manageable?
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Allocations as an aggregation

This is exactly the role of an allocation!
It summarizes the 2d evaluations of v into one quantity for each player

It is a mapping ϕ : D → R, that must ideally respect one criteria:

• Efficiency: ∑i∈D ϕ(i) = v(D)

☞ Ensures that the we actually redistribute the cake

X1

Xd

...

Features

Values

v({1})

...

v({1, 2, 3})

...

v(D)d

2d

ϕ1

ϕd

...

Allocation

d

Value function evaluation Value function aggregation

In a nuthsell:

• Start with a learned model with d input features

• Chose a value function resulting in 2d quantities

• Aggregate the 2d quantities into d quantities using an

efficient allocation

Is there a way to define efficient allocations?
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Allocations as a dividend sharing mechanism

The Harsanyi (1963) dividends of a cooperative game (D, v) are defined as:

Dv (A) =
∑

B∈PA

(−1)|A|−|B|v(B), or equivalently, Dv (A) = v(A)−
∑

B∈PA

Dv (B)

Think of them as the added-value of a coalition: Dv (12) = v(12)− v(1)− v(2)

The Harsanyi set is a family of efficient allocations that aggregate of the Harsanyi dividends:

ϕ(i) =
∑

A∈PD : i∈A

λi (A)Dv (A), where

{
∀i ∈ D, ∀A ∈ PD , λi (A) ≥ 0,

∀A ∈ PD ,
∑

i∈D λi (A) = 1

parametrized by the weight system λ : D × PD → R

In this setting, the Shapley values are the egalitarian redistribution, i.e., λi (A) = 1/|A|

Dv(1)

Dv(2) Dv(3)Dv(23)

Dv(12) Dv(13)

Dv(123)

v(12)

v(13)

v(23)

v(1)

v(2)

v(3)
v(123)

Harsanyi DividendsValues Shapley Values

Shap1

Shap2 Shap3
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Allocations using random orders

The Weber (1988) set of allocations relies on the notion of random orders

Let SD be the set of permutations π = (π1, . . . , πd ) (i.e., orders) of players

For any i ∈ D, denote π(i) the position of player i in the permutation π (i.e., ππ(i) = i)

The Weber (1988) set is a family of efficient allocations as an average over the orderings

ϕ(i) = Eπ∼p
[
v
({

π1, . . . , ππ(i)

})
− v

({
π1, . . . , ππ(i)−1

})]
=
∑

π∈SD

p(π)
[
v
({

π1, . . . , ππ(i)

})
− v

({
π1, . . . , ππ(i)−1

})]
parametrized by a probability mass function p over the permutations SD .

In this setting, the Shapley values are the uniform distribution over the permutations, i.e., p(π) = 1/d!

Shap(i) =
1

d!

∑
π∈SD

[
v
({

π1, . . . , ππ(i)

})
− v

({
π1, . . . , ππ(i)−1

})]
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The recipe

Overall blueprint for using cooperative games for XAI:

(I., Charpentier, and Fernandes Machado 2025)

1. Step 1: Identify a quantity of interest
Choose a cake worth cutting, e.g., point predictions f (x), model variance V (f (X ))...

☞ Guides the interpretation of the extracted insights

2. Step 2: Pick a value function v

And make sure that v(D) is equal to the quantity of interest, e.g.,
E [f (X ) | XA = xA] for f (x), V (E [f (X ) | XA]) for V (f (X ))...

☞ This step is the most important (garbage in - garbage out)

3. Step 3: Pick an efficient allocation
In order to summarize the information of the 2d evaluations of v

☞ Less crucial, but can highlight some model behavior

9/14
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And make sure that v(D) is equal to the quantity of interest, e.g.,
E [f (X ) | XA = xA] for f (x), V (E [f (X ) | XA]) for V (f (X ))...

☞ This step is the most important (garbage in - garbage out)

3. Step 3: Pick an efficient allocation
In order to summarize the information of the 2d evaluations of v

☞ Less crucial, but can highlight some model behavior
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Picking a value function

Ok, but how do we pick a value function?

A bad choice can lead to misleading insights
e.g., correlation/concurvity identifiability issues (Zhang, Martinelli, and John 2024), lack of purity Köhler, Rügamer, and Schmid (2024)...

f (X ) = X1 + X2 + X1X2, X =

(
X1

X2

)
∼ N

((
0

0

)
,

(
1 ρ

ρ 1

))

Quantity of interest: prediction f (x) ; Allocation: Shapley values

Conditional expectation
v(A) = E [f (X ) | XA = xA]

Dv (1) = x1 + ρ(x1 + x21 − 1) Dv (2) = x2 + ρ(x2 + x22 − 1)

Dv (12) = x1x2 − ρ(x1 + x21 + x2 + x22 − 1)

Shapv ({1}) = x1 +
ρ

2
(x1 + x21 − x2 − x22 − 1) +

x1x2

2

Shap({2}) = x2 +
ρ

2
(x2 + x22 − x1 − x21 − 1) +

x1x2

2

Oblique projections
I. et al. (2025)

Dv (1) = x1 Dv (2) = x2

Dv (12) = x1x2

Shapv ({1}) = x1 +
x1x2

2

Shap({2}) = x2 +
x1x2

2
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Picking an allocation

Ok, but how do we pick an allocation?

It is still an open question
☞ No metrics between allocations for interpretability purposes

But, some choices can have interesting properties

Example: Proportional Marginal Effects (Herin et al. 2024)

• Quantity of interest: V (f (X ))

• Value function: v(A) = E
[
V
(
f (X ) | XD\A

)]
• Allocation: Proportional values

p(π) =
L(π)∑

σ∈SD
L(σ)

, L(π) = exp

−
∑
j∈D

log
(
v
({

π1, . . . ππ(j)

}))
Proposition (Exogeneity detection).

PME i = 0 ⇐⇒ Xi is not in the model.
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Conclusion

Key take-aways:

• Three ingredients to using cooperative game for ML interpretability: The quantity of
interest, the value function, and the allocation

• The Shapley values are one example of allocation, and there are many more
• The choice of value function is crucial for understanding the end product

• An allocation is an aggregation of information

Why you should you care: Goal-oriented choice of allocation

Chose λi (A) or p(π) to avoid:
• Fair washing

• The inference of private data from the final attributions

• Any other “good desired property”

☞ Ditch the (arbitrary) Shapley values to propose new goal-oriented XAI method standards
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Thank you for your attention!

Any questions?
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