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Target sensitivity analysis

Target sensitivity analysis (TSA) aims at measuring the influence of inputs on the occurrence
of a failure event (Raguet and Marrel 2018).

• X = (X1, . . . ,Xd ) is a random vector of inputs
• Y = G(X ) is the random output of a numerical model

• t is a threshold, such that {Y ≥ t} is a failure event
• Ft ∈ Rd

is the failure domain, i.e., Ft = {y ∈ Rd | G(y) ≥ t}

The variable of interest is the failure occurrence:

1Ft (x) = 1{G(x)≥t}(x)

with pt = P(G(X ) ≥ t) the failure probability.

The quantity of interest is V
(
1Ft (X )

)
= pt(1− pt).

1/14



Target Sobol’ indices

Whenever inputs are assumed to be independent, one can assess their

influence through the target Sobol’ indices (I., Chabridon, and Iooss 2021). For

A ⊆ {1, . . . , d}:

T-SA =
∑
B⊆A

(−1)|A\B| V(pBt )
pt(1− pt)

with pBt = P (G(X ) > t | XB), conditional probability failure given XB = (Xi )i∈B .

The target Sobol’ indices are a tool to assess interactions in a reliability-oriented setting

(Chabridon et al. 2021)

Model:

G(x) = X1 + X2 + X3

Inputs:

X ∼ N (03, I3)

Variable of interest:

G(X ) > t −6 −4 −2 0 2 4 6
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Target Shapley effects

When inputs are correlated, (target) Sobol’ indices can be negative: delicate interpretation (Da Veiga

et al. 2021).

Solutions exists (Chastaing, Gamboa, and Prieur 2012; Mara and Tarantola 2012) but are often either

restrictive or challenging to estimate.

Owen (2014) proposed to use the Shapley effects
(Shapley 1951). Transposition to TSA lead to the

target Shapley effects T-Shi .

They assess the influence of each input variable Xi ,

as an aggregation of individual, interaction and
dependence effects, with the added properties:

•
∑d

i=1 T-Shi = 1 ;

• T-Shi ≥ 0 for any i ∈ {1, . . . , d}.

Subsequently, they can then be interpreted as

shares of variance.

X ∼ N3


0

0

0

 ,

1 0 0

0 1 ρ

0 ρ 1



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Cooperative game theory

In a nutshell, cooperative game theory can

be summarized as “the art of cutting a cake”.

Given a set of players D = {1, . . . , d}, who produces a quantity v(D):

How can one allocate shares of v(D) among the d players?

The “cake cutting process” is often described through axioms (i.e., desired properties), and

results in an allocation.

Formally, a cooperative game is denoted by (D, v) where D is the set of all players, and
v : P(D) → R a value function, mapping every possible subset of players to a real value.
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Shapley values

Harsanyi dividends allow for an intuitive equivalent characterization. Given a cooperative

game (D, v), its Harsanyi dividends are defined, for any subset of players as:

Dv ({i}) = v({i}), ∀i ∈ D

Dv (A) = v(A)−
∑
B⊂A

Dv (B), recursively, ∀A ⊆ D

or more generally, for any A ∈ P(D) :

Dv (A) :=
∑
B⊆A

(−1)|A\B|v(B).

Shapley values can then be defined, for every player i ∈ D, as:

Shapi =
∑

A∈P(D):i∈A

Dv (A)

|A|

The Shapley values redistributes equally the dividends due to a coalition among the players
that composes it. This characterization is equivalent to the other representations (Harsanyi

1982).
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Cooperative games and TSA

An analogy can be made between players and inputs. The chosen value function, for the

target Shapley effects is:

v(A) =
V(pAt )

pt(1− pt)
=: T-Sclos

A

which are the closed target Sobol’ indices, and can be computed without an
independence assumption. The cooperative game formed by (D,T-Sclos) allows for the

following Harsanyi dividends:

DT-Sclos (A) =
∑
B⊆A

(−1)|A\B| V(pBt )
pt(1− pt)

= T-SA

and in turn, the target Shapley effects are the Shapley values of (D,T-Sclos) and can be

written, for any i ∈ {1, . . . ,D}, as (Plischke, Rabitti, and Borgonovo 2021):

T-Shi =
∑

A∈P(D):i∈A

T-SA

|A|

This formulation allows to assess effects of a particular variable subset order.
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Estimating the target Shapley effects

In order to compute the target Shapley effects, one needs to estimate the closed target
Sobol’ indices, for every possible subset of variables A ∈ P(D). Different estimation strategies

can be considered.

• Sampling strategies (requires the ability to sample from the conditional laws of the
inputs)

• Crude Monte Carlo (I., Chabridon, and Iooss 2021)

• Monte Carlo/Pick-Freeze with Importance Sampling (Demange-Chryst, Bachoc,

and Morio 2022)

• Given-data strategies (only when an i.i.d. sample is available)

• Nearest-Neighbor procedure (Broto, Bachoc, and Depecker 2020)
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Failure rectangle and correlated uniform inputs
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Simplified flood model

Simplified flood use-case (Iooss 2011): river water level model, and occurrence of an

industrial site flood when G(X ) > t.

G(X ) = Zv +

 Q

BKs

√
Zm−Zv

L


3
5

Input Description Distribution

Q max flow rate Gumbel(1013, 558) trunc. [500, 3000]

Ks Strickler coefficient Normal(30, 7) trunc. [15,+∞)

Zv downstream level Triangular(49, 50, 51)

Zm upstream level Triangular(54, 55, 56)

L length Triangular(4990, 5000, 5010)

B width Triangular(295, 300, 305)

Correlation structure from Chastaing, Gamboa, and

Prieur (2012):

Cov(Q,Ks) = 0.5,Cov(Zv ,Zm) = 0.3,Cov(L,B) = 0.3

Nearest-neighbor estimation with n.knn=3, on a 2× 105

i.i.d. sample.
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T-Sh order decomposition: maximum annual flow rate

Target Shapley effects:

T-Shi =
∑

A∈P(D):i∈A

T-SA

|A|

Contribution percentage
to target Shapley effects,

for subsets of order k ∈ D:

1

T-Shi

∑
A:|A|=k,i∈A

T-SA

k
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Conclusion and perspectives

Harsanyi dividends play a central role in understanding of the Shapley values.

In GSA, they allow to assess shares of Shapley effects due to subsets of variables.

In TSA, they allow to better understand the empirical behavior of the target Shapley effects
in restrictive settings.

Shapley values are a particular choice of allocation. Other choices may lead to better

suited effects, depending on the goal and the context of the sensitivity analysis (Hérin

et al. 2022).
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Thank you for your attention!

Any question?
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Möbius inverse

Let P(D) be the set of subsets of a finite set D (i.e., its powerset). One has that the Möbius

function becomes:

µ(B,A) = (−1)|A\B|

for any pair of subsets A,B ⊆ D, such that B ⊆ A. The Möbius inversion formula then states

that for any two functions f , g defined on P(D):

f (A) =
∑
B⊆A

g(B) if and only if g(A) =
∑
B⊆A

(−1)|A\B|f (B)

moreover, this is called the inclusion-exclusion principle.



Flood model orders decomposition



Estimation scheme : Monte Carlo

The estimation of the target Shapley effects can be split into two steps:

• Step #1: estimation of the conditional elements, i.e., the estimation of T-SA or T-EA for all A ∈ Pd ;

• Step #2: an aggregation procedure, i.e., a step to compute the T-Shj by plugging in the previous

estimations of Step #1.

In order to estimate a conditional element T-SA, one needs to draw several i.i.d. samples:

• an i.i.d. sample of size N drawn from PX and denoted by (X (1), . . . ,X (N));

• another i.i.d. sample of size Nv drawn from PXA
and denoted by (X

(1)
A , . . . ,X

(Nv )
A );

• for each element X
(i)
A , i = 1, . . . ,Nv , a corresponding sample of size Np drawn from PX

A
|XA

given

that XA = X
(i)
A and denoted by (X̃

(1)
i , . . . , X̃

(Np)
i ).

Then, the Monte Carlo estimator of T-SA can be defined as:

T̂-SA,MC =

∑Nv
i=1

(
1
Np

∑Np

j=1 1Ft (X̃
(j)
i ,X

(i)
A )− p̂Yt

)2
(Nv − 1)p̂Yt (1− p̂Yt )

(1)



Estimation scheme : Nearest-neighbor

Let

(
X (1), . . . ,X (N)

)
be an i.i.d. sample of the inputs X and A ∈ Pd \ {∅, [1 : d ]}. Let kA

N(l , n) be the index

such that X

(
kAN (l,n)

)
A is the n-th closest element to X

(l)
A in

(
X

(1)
A , . . . ,X

(N)
A

)
. Note that, if two observations

are at an equal distance from X
(l)
A , then one of the two is uniformly randomly selected. Finally, one can

define an estimator of the equivalent value function:

T̂-EA,KNN =

∑N
l=1

(
1

Ns−1

∑Ns
i=1

[
1Ft

(
X

(
kAN (l,i)

))
− 1

Ns

∑Ns
h=1 1Ft

(
X

(
kAN (l,h)

))]2)
Np̂Yt (1− p̂Yt )

. (2)

Under some mild assumptions, Broto, Bachoc, and Depecker 2020 showed that this estimator does

asymptotically converge towards T-EA.
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