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Introduction

Goal: Assess the importance of covariates in a regression model by allocating a share of
model performance to each one.

Cooperative games provide a framework for producing relevant allocation schemes, even
when the covariates are correlated.

In particular, Shapley values are widely used in ML inferpretability... But are they always
suitable?
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Introduction

Goal: Assess the importance of covariates in a regression model by allocating a share of
model performance to each one.

Cooperative games provide a framework for producing relevant allocation schemes, even
when the covariates are correlated.

In particular, Shapley values are widely used in ML inferpretability... But are they always
suitable?

Challenges:

e How fo formalize what importance means?
e How can cooperative games be used to produce relevant importance measures?

o How to assess whether an allocation scheme is more suitable than another one?
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Cooperative games and allocations

Players
PD
Let: 4
e D={1,...,d} be afinite and countable set of players ;
e P4 be the set of all coalitions of players ; Coalitions
e v: Py — R acostfunction. -%
A cooperative game is formally defined by the couple (D, v). il
Main question : How can one allocate shares of v(D) to each players ? :_

Cost Function
v

Quantifies the
value produced by
a coalition
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Players
D
PP(
Let:
e D={1,...,d} be afinite and countable set of players ;
e P4 be the set of all coalitions of players ; Coalitions
e v: Py — R acost function. -%
A cooperative game is formally defined by the couple (D, v). G
Main question : How can one allocate shares of v(D) to each players ? n
An allocation is a function ¢ : D — R which allocates the quantity ¢; for
every player i € D. Cost Function
v

Quantifies the
value produced by
a coalition
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Statistical cooperative games

Let X € RY be the covariates of Y = ©(X, ), a parametric “nestable”

regression model: Coval;iates

e O(D) &of O(X, B) is the “full” model ; X1, ., Xa}

e VS € Py, 0(S) = O(Xs, Bs) be a "nested” model. Coa;i)tions
Let ue : P4 — R be a performance metric (e.g., R?, likelihood...). For S € Py, (xj},{xf},
1e(S) denotes the performance of the nested model ©(S). {(Xv%(};{f‘_tﬁ}}' }
A statistical cooperative game (Feldman 2005) is the cooperative game Cost Function
defined by (D, ue). Ue(S)

Performance of the
nested model
0(Xs, Bs)
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Statistical cooperative games

Let X € RY be the covariates of Y = ©(X, ), a parametric “nestable”

regression model: Coval;iates

e O(D) &of O(X, B) is the “full” model ; X1, ., Xa}

e VS € Py, 0(S) = O(Xs, Bs) be a "nested” model. Coa;i)tions
Let ue : P4 — R be a performance metric (e.g., R?, likelihood...). For S € Py, (xj},{xf},
1e(S) denotes the performance of the nested model ©(S). {(Xv%(};{f‘_tﬁ}}' }
A statistical cooperative game (Feldman 2005) is the cooperative game Cost Function
defined by (D, ue). Ue(S)

Performance of the
nested model
0(Xs, Bs)

How can one define an allocation for (D, ug)?
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Random order model allocations

One way of defining allocations is through random order models (Weber 1988).

Idea: Consider that players are combined in random orders (i.e., permutations of D), and

every player is granted its marginal contribution to the previous set of players, weighted by
how likely the order is.

Let:

e r=(r,...,rq) € R(D) be a permutation in the set of permutations of D;
e r(j) be the position of the player j in the permutation r (i.e., r,;) = j):
e p be a probability mass function (pmf) defined on R(D).

The random order allocation is given by, Vi € D:
¢i =Ep [Me (D\A{r,..,rpy-1}) —pe (D\ {n, ..., rr(,-)})]
= Z p(r) (Me (D \ {rl, 000 g r,(,-)_l}) — He (D \ {rl, ey I’,(,-)}))

reR(D)
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Random order model allocations

Backward selection procedure

Full Model : Xy = (X;, X5, X3)
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Random order model allocations
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Backward selection procedure

Full Model : Xy = (X1, X5, X3)
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Random order model allocations

]
g _

52

32 X
8¢ 1
58

2

[

Backward selection procedure

Full Model : Xy = (X1, X5, X3)
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Random order model allocations

Backward selection procedure

Full Model : Xy = (X3, X5, X3)

First covariate
removal
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Random order model allocations

If we assume that ue is weakly monofonic (i.e., a “smaller” model cannot outperform a
“bigger” model), then, for all pmf p defined on R(D). the random order model allocation ¢
is:

o Efficient: 3°._, i = pe(D) :
e Non-negative: Vi e D, ¢; >0 ;

and thus provides a decomposition of the full model’s performance (ue(D)) according fo
each covariate.
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Random order model allocations

If we assume that ue is weakly monofonic (i.e., a “smaller” model cannot outperform a
“bigger” model), then, for all pmf p defined on R(D). the random order model allocation ¢
is:

o Efficient: 3°._, i = pe(D) :
e Non-negative: Vi e D, ¢; >0 ;

and thus provides a decomposition of the full model’s performance (ue(D)) according fo
each covariate.

But how can one define a suitable probability mass function p?
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Relative importance

Relative importance can be modeled as a complete and fransitive binary relation < on D.

A relative importance measure is then a representation (utility function) ¢ of this binary
relation, such that:
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Relative importance

Relative importance can be modeled as a complete and fransitive binary relation < on D.

A relative importance measure is then a representation (utility function) ¢ of this binary
relation, such that:

i =j <= ¢i < ¢;.
Four admissibility criteria (Cox 1985; Johnson and Lebreton 2004; Feldman 2005; Grémping

2007) can be defined:

Non-negativity: Vi € D, ¢(i) > 0;
Proper exclusion: If, for ©(D), one has 5; = 0, then ¢; =0 ;
Proper inclusion: If, for ©(D), 8; # 0, then ¢; > 0 ;

Efficiency /Total contribution: "¢ | ¢; = ue(D).
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Shapley and proportional values

Shapley values (Shapley 19571) Proportional values (Ortmann 2000)
1
p(r) = a1 p(r) is defined axiomatically, with relative importance
Shao! | . in mind:
e If i < r2 < -+ < ra, then p(r) should be of high
entfropy/uniform prior choice. probablity.

The Shapley values of (D, ue) violate

] e The proportional values of (D, ue) respect all four
the proper exclusion criterion .

admissibility criteria.
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Shapley and proportional values

Shapley values (Shapley 19571) Proportional values (Ortmann 2000)
1
p(r) = a1 p(r) is defined axiomatically, with relative importance
Shao! | . in mind:
Of ey va “,fes area mor:‘",““m lf < < --- < rq, then p(r) should be of high
entfropy/uniform prior choice. probablity.

The Shapley values of (D, ue) violate

] e The proportional values of (D, ue) respect all four
the proper exclusion criterion .

admissibility criteria.

But how do they handle covariate correlation?
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Relative importance measure for linear models - Analytical results

In the context of linear models, with Gaussian covariates, i.e.:
d

Y =) 68X, X~Na(0,5),
=il

and the coefficient of determination R? as a performance metric, one has:

e Shapley values grant importance to correlated exogenous variables (Shapley’s Joke).
Proportional values do not;

e Shapley values distribute correlation effects equally among all the variables.
Proportional values favor covariates with high 3;

e Shapley values and proportional values are equal when:

e The covariates have the same 3 value ;
e The covariates are independent.

9/15



Algerian Forest Fires

Algerian Forest Fires (Abid and Izeboudjen 2020) dataset: 244 observations of 8 covariates in
two regions (Bejaia et Sidi Bel-Abbes).

Goal: Predict the occurence of forest fires using a logistic regression.
Challenge: The covariates are highly correlated.

We consider the statistical cooperative game (N, R?) where R? denotes the generalized
coefficient of determination given by:

Dev(S)
~ Dev(0)
where Dev(S) denotes the deviance of the nested model ©(S) and Dev()) the deviance of
the null model (i.e., only considering an intercept).

R*(S) =
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Algerian Forest Fires
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Figure 1: Correlation matrix (left) and scatterplot (right) of the Algerian Forest Fires dataset.
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Algerian Forest Fires

Estimated full model performance: R?> ~ 0.803 and Q? ~ 0.79 (predictivity coefficient).

Covariates | Temp | RH | Ws | Rain | FFMC | DMC | DC ISI Total
VIF 1.36 | 1.90 | 1.72 | 1.44 | 7.08 | 8.04 | 6.24 | 5.04 -

Sh (%) 4.5 37 | 04 | 55 | 333 6.2 3.2 80.3
PMD (%) 04 0 0 0.7 | 69.7 6.4 0 80.3

Table 1: Multicollinearity and relative importance measures for the Algerian Forest Fires dataset.
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Contributions and perspectives

Contributions:

e Better understanding of the use of cooperative games on importance measures;
e Extension to the case of (penalized) logistic regressions;
e lllustration on a public dataset;

e Application to an industrial EDF use-case (fission products release in the primary circuit
of a PWR) (Remy et al. 2018) ;

e Efficient and parallel implementation available in the open source R package
available from the CRAN website: sensitivity
(functions 1mg () for Shapley values and emvd () for proporfional values).

Perspectives:

e Extension to other types of models;
e Exploration of other performance metrics;

e Development of new context-based allocations for meaningful intferpretations.
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https://cran.r-project.org/package=sensitivity
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Relative importance measure for linear models

In the context of linear models, with Gaussian covariates, i.e.:

d
Y= 8X, X~Ng(0X%),
i=1
and for the statistical cooperative game (D, R?), the Shapley values are known as the LMG
indices (Lindeman, Merenda, and Gold 1980), and the proportional values as the PMVD
indices (Gromping 2007). When d = 2, and for Cov(X1, X2) = o102p. One has that:

Shapley values of (N, R?): Proportional values of (N, R?):
LMGy = — - (,:sfaf + Bifocroap + &2(5305 - ,rsfaf)) PMVD, = D17
v(Y) o 2 B30? + B203
1 2 2 ., BB n  Ps B3o3
LMG; = =—— (S 513 —(p — PMVD; = ————
Ga V(Y) ( 202 + P1P20102p + 5 (Biot %5202)> 2 3202 + B202



When d = 3, COV(X27X3) = 0203p, and ﬂl = ﬂQ = 118

X4 Xz X3
2 2 2
o | i o |
3 3
< | J o |
3 3
= J =
3 3
1 J o
S
4 2 J
ST T T T — ° = T T T — ° T T T T
-10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 10
[ 3 [
X Xz X3
o g 2 2
o | i o |
o ] J
3
= J
3
4 2 | J
S T T T — ° T T T — ° T T T T
-10 -05 00 05 10 -1.0 -05 00 05 10 -10 -05 00 05 10
[ 3 [

— MG - - PMVD

Figure 2: LMG and PMVD with respect to p, when 33 = 1 (top row), and 33 = 2 (bottom row).



Random order models

Let i € N be aplayer,in a game (N, v), the marginal contribution of i, denoted by w({i}). and sometimes called the worth of i, is defined
by:
w({i}) = v(N) = v(N\ {i}). ®

The concept of marginal contribution can be extended to coalitions of players (i.e., subsets of players). Let S € P, be a coalition of
players, and let its worth be defined by:
w(S) = v(N) — v(N'\ S). (2

Letr = (r,...,m) € R(N) be aspecific ordering/permutation of N. Let S| be the set of the k first players in the order r. One can then
define the individual positional marginal contribution, which represents the marginal contribution of a player in the oD position in an order
r to the set of players that precedes him in the same ordering, noted M;(r), with the convention that Sg = 0:
Mi(r) = w(S]) — w(Si_y) (3)
=v(N\S/_;)—v(N\S]). (4)
Let r(j) be the position of the player j in the ordering r. Let p(r) be a probability mass function over the set of permutations of R(N). Let

A, be the set of all probability mass functions over R(N). A random order model allocation can then be defined as, for
peE Ay, i=1...,nandforagame (N, v):

$i = Ep[My(3(1)] ®)



Axiomatic definition of PMD

Axiom (Anonymity)
Let r and r* be two different permutations in R(N). If MC(r*) = MC(r) then L(r*) = L(r).

Axiom (Limit Proper Exclusion)

Let w be defined by a model © and performance measure p. where 3 = 0. Consider a sequence of
games wy, where 6}‘ = B; for j # i. Assume that Bt >0 and BF — 0. Then:

lim PMD;(w) = 0. (7)

k— o0

Axiom (Equal proportional effect)

Let r € R(N), and let S € r. Then:
dlnL(r) |
‘aan(S) =1 (8)



PMD identification

e From the Limit Proper Exclusion, one has that Zitid < o.

e Since 5% = ;2% x . thisleads, to —5nel) = 1.
In turn, these olbservations lead fo:
w(S) 1
fInL(r):chrZ/ ;dX:C,+Z|nW(S). (9)
ser”0 Ser

where ¢, is a multiplicative factor dependent of r. However, the anonymity axiom requires
that ¢, should be constant for all r € R(N), and appears both in the numerator and
denominator of p(r). One could subsequently assume that ¢ = 0. This leads to the unique
identification of L(r), Vr € R(N) as being:

L(r) = <H W(5)> (10)



Axiomatic definition of the Shapley Values

Let (N, v) be a cooperative game. The unique allocation of (N, v) respecting the following set of axioms:

1.

(Efficiency) Z}’Zl ;= val({1...,d}). meaning that the sum of the allocated values have to be equal fo the value produced by
the cooperation of all the players ;

(Symmetry) If val(AU {i}) = val(AU {j}) forall A € Pg4.then ¢; = ¢;, meaning that if two players allow for the same contribution
to every coalition, their attribution should be the same ;

(Dummy) If val(A U {i}) = val(A) forall A € P4.then ¢; = 0, meaning that if a player does not contribute the the production of
resources for all coalition, he should not be aftributed any resources ;

(Additivity) If val and val’ have Shapley Values ¢ and ¢’ respectively, then the game with cost function val + val’ has Shapley
values ¢; + ¢/ forj € {1,...,d};

is the Shapley value, defined by:

Sh; = il ST My (11)
" rer(N)
1 n—1\ -1 .
=2 > (") vy -y, 12)

T acN\{i}
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